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Abstract

Can an interactional imitation learner, trained without scalar reward labels, recover behavior
that is equivalent to expected reward maximization purely from world-written preference evidence?
The answer as shown here is yes, provided the learner treats its own actions as interventions,
and not as observations.

1 Introduction

Reinforcement learning (RL) usually begins with a given or engineered scalar reward function
and then studies how to maximize expected return. Interactional agency, as discussed in our
previous research notes, reverses that order: the learner is placed inside an interaction stream, where
some symbols are written by the world and some symbols are written by the learner itself. The
world-written stream may contain demonstrations, corrections, comparisons, user choices, judge
decisions, and other agents’ choices. These are evidence about what matters. The learner’s own
choices are interventions, not evidence about what the world values.

Our hypothesis is as follows. Suppose an interaction history contains both world-written teacher
actions and learner-written actions. Suppose the teacher actions are generated by a von Neumann—
Morgenstern-consistent (vNM) teacher with hidden utility «*, while the learner’s early actions are
generated by a biased policy. If learner-written action slots are correctly treated as interventions,
then an interventional imitation learner should recover a utility representation aligned with «*, and
maximizing that recovered utility should maximize hidden reward in new action environments. If
learner-written action slots are incorrectly treated as ordinary evidence, then the learner can infer a
self-confirming but wrong purpose.

This research note will show that interactive imitation can be enough for reward-maximizing
behavior in a controlled vINM environment, provided that the interaction stream contains sufficient
world-written preference evidence and the learner does not treat its own interventions as evidence.

2 Preference evidence and vINM utility

The von Neumann—Morgenstern and Savage traditions define rational agency through preferences,
probabilities, and expected utility. In the vINM setting, preferences over lotteries can be represented
by a utility function under suitable axioms. Savage extended this into subjective expected utility:
preferences over acts reveal both subjective probabilities and utilities, and rational choice is
represented as maximizing expected utility.

This is the intellectual background behind reinforcement learning, and it remains the dominant
formal account of agency in Al. For this reason, this research note provides a tutorial introduction



to the important vNM theorem. Anyone working in post-training LLMs, Al safety, reasoning and
tool-use should be familiar with this material because it is the foundation behind RLHF.
Let

X = {'7;0"7;17 cee ,Sl?,,l,l}

be a finite set of terminal outcomes. A lottery is a probability distribution over X. Since the
outcome set is finite, we identify a lottery L € A(X') with a vector

L=(Lo,L1,.. ., Lm—1),  Li>0, Y Li=1,

where L; is the probability of terminal outcome z;. A preference relation > over lotteries is read as
LM <= the agent weakly prefers lottery L to lottery M.
The associated strict preference and indifference relations are

L-M <= L>M and not M>L, L~M <= L>M and M>L.

2.1 The vNM axioms in the finite lottery setting

The von Neumann—Morgenstern expected-utility theorem is usually presented in two closely related
ways. The original theory of games presentation gives an axiomatic treatment of utility under risk
[13, 14]. Later mixture-space presentations, especially Herstein and Milnor’s concise formulation,
express the same expected-utility idea using an order axiom, independence, and continuity [2—
4, 8]. Here, we will state a six-item tutorial version: completeness, transitivity, substitutability,
decomposability, monotonicity, and continuity [5].

In the canonical finite-lottery theorem, the core behavioral assumptions are: weak order,
independence, and continuity, with compound lotteries reduced to their final outcome probabilities.
In the six-item tutorial version, weak order is split into completeness and transitivity; independence is
described as substitutability; reduction of compound lotteries is stated explicitly as decomposability;
monotonicity is stated as a natural property of binary best/worst lotteries; and continuity is used
to calibrate intermediate outcomes against mixtures of best and worst outcomes.

These presentations are not contradictory. They differ in what is treated as a primitive axiom,
what is built into the definition of a lottery, and what is stated as a useful derived property.

Axiom 0: reduction of compound lotteries. Only final probabilities over terminal outcomes

matter. If a two-stage lottery first selects one of several lotteries L), ..., L(¥) with probabilities
A, ..., Ak, then the compound lottery is identified with the flattened lottery
k
S LY.
j=1

Equivalently, if two procedures induce the same marginal probability for every terminal outcome z;,
they are the same element of A(X).



Example: flattening a compound lottery

Suppose X = {xg,x1,z2}. First flip a fair coin. If heads, run L = (1/2,1/2,0). If tails, run
R =(0,0,1). The final probabilities are

b+3R=(418).

Reduction says that the two-stage description and the flattened vector are equivalent. This is
why lotteries can be drawn as points in a probability simplex.

Axiom 1: completeness. Any two lotteries can be compared:
VL, M € A(X), LM or M=L.

The agent need not strictly prefer one to the other; indifference is allowed. Completeness only rules
out incomparable pairs.

Example: completeness

If L is “80% good answer, 20% bad answer” and M is “60% good answer, 40% medium
answer”, completeness says the teacher’s preference relation must rank them one way or
declare indifference. The theorem does not say which ranking is correct; it only says the
relation is defined.

Axiom 2: transitivity. Preferences do not cycle:
LM and M>N =— L>=N.

Completeness and transitivity together say that = is a weak order over lotteries.

Example: no preference cycles

If the teacher weakly prefers plan trace L to trace M, and trace M to trace IV, then a later
comparison should not reveal N>L. Such cycles would block representation by a single scalar
utility.

Axiom 3: independence, also called substitutability. Mixing both sides of a comparison
with the same background lottery does not change the comparison. For any L, M, N € A(X) and
any o € (0,1],

LM <+ oL+({1—-a)N=aM+(1-«)N.

This is the axiom that makes the representation linear in probabilities. The common background
lottery N is irrelevant because it is mixed into both sides in the same way.

Example: adding the same chance of tool failure

Suppose a user prefers tool plan L to tool plan M. Now imagine that both plans are
embedded in a system with a 10% chance of an unrelated server outage, represented by the
same background lottery N. Independence says the ranking between the two plans should




not reverse merely because both now share the same outage risk:
L-M = 09L+0.1N>0.9M + 0.1N.

The axiom can be empirically false for humans; the Allais paradox is the classic warning. In
this notebook, however, the teacher is deliberately generated to satisfy it.

Axiom 4: continuity, or the Archimedean condition. If one lottery is strictly better than a
second, and the second is strictly better than a third, then the middle lottery can be matched by
some mixture of the best and worst lotteries:

L-M~N = 3o €[0,1] such that oL 4 (1 — o) N~M.

This rules out lexicographic or infinitely strong preferences. It says that a sufficiently high probability
of the best option can compensate for the risk of the worst option.

Example: calibrating a medium outcome

Let 2" be a perfect answer, = be a useless answer, and = be a merely adequate answer.
Continuity says there is some probability v, such that

T~aprT + (1 — ag)z™.

If o, = 0.4, then after the usual normalization u(z~) = 0 and u(2") = 1, the utility of the
adequate answer is u(z) = 0.4.

Derived property: monotonicity between best and worst outcomes. If 27 ~2", then
more probability on 2" is better:

a>ad = art4+(1-a)z =davT+(1-a)r.

Many tutorial statements list this as an axiom because it is intuitive and useful for constructing the
utility scale. In the canonical mixture-space formulation, monotonicity is also a consequence of the
expected-utility representation once 2 and 2~ are ordered.

2.2 The vINM representation theorem

Theorem: finite von Neumann—Morgenstern representation

Let = be a preference relation over A(X). If compound lotteries are reduced to their final
outcome probabilities and > satisfies completeness, transitivity, independence, and continuity,
then there exists a utility function

u: X =R
such that, for all lotteries L, M € A(X),
m—1 m—1
L=M <<= > Liu(z;) > > Mu(z).
i=0 i=0

Conversely, any preference relation represented by the expected value of some u satisfies the
vNM axioms. The representing utility is unique only up to positive affine transformation: if u




represents >, then so does

u=au+ b, a >0, beR.

The proof idea is constructive. Pick a best outcome =+ and a worst outcome z~. Normalize
b

For every intermediate outcome x, use continuity to find the probability o, such that
r~ort + (1 —ag)x™.

Define u(z) = cv,. Independence and reduction then extend the construction from sure outcomes to
arbitrary lotteries, forcing lottery values to be expectations.

Example: expected utility is not expected money

Suppose
u(zp) =0, u(z1) = 0.4, u(zg) = 1.
Compare
L =(0.5,0,0.5), M = (0,1,0).
Then

EL[U] =05-0405-1=0.5, ij[u] = 0.4.

The vINM representation predicts LM . If we transform the utility by 7 = 10u — 3, the
numerical expected utilities change, but the ranking does not. This is why the notebook
compares recovered utilities to u* only after affine alignment.

2.3 From utility to reward maximization

The theorem supplies the bridge from interactional preference learning to reward maximization. If
an action a € A at history h € H induces a lottery over terminal outcomes,

x ~P(- | hy,do(a)),
then choosing the most preferred action is equivalent to

* —
a*(h) € arg max E[u(x) | h,do(a)] = arg rggf%{?(m | h,do(a))u(z).

If we define the terminal reward by

@) = u(a),
then the same choice rule is expected reward maximization. The reward was not primitive in the
interactional setup. It was recovered as a representation of learned preferences.



The trajectory caveat

vINM gives expected utility over lotteries. To obtain the usual reinforcement-learning return

T

U(T) = Z tT(StvataSt-i-l)a

t=0

one needs additional separability assumptions saying that trajectory utility decomposes
additively over time. The notebook uses terminal outcomes, so the identification r(z) = u(x)
is enough. Sequential Markov rewards require more structure.

3 Interactional agency

In interactional agency, the learner’s environment can include other agents. Their choices, demon-
strations, corrections, and comparisons are world-written symbols. They are evidence. The learner’s
own actions are different: they are interventions made from the first-person action channel. Therefore
the preference-learning version of the intervention/evidence rule is

~vi = 0 : teacher or world choice; use as evidence,

~; = 1 : learner choice; condition on it but do not learn from it as evidence.

The experiment tests whether this rule is enough to turn preference evidence into reward-

maximizing behavior. It is a useful test because the hidden reward «* is known to us as experimenters

but never shown to the learner. Thus we can check, after training, whether the learner inferred the
correct utility representation from choices alone.

The causal reading of a preference comparison

A transcript line such as
Teacher chooses lottery L over lottery R.

is a world-written observation, so it has v = 0. It is evidence about which lotteries the
environment’s teacher prefers. By contrast, a line such as

Learner chooses lottery L over lottery R.

is generated by the learner’s own action channel, so it has 7 = 1. It may change the future
interaction, and it remains in the context, but it is not evidence that the teacher or environment
prefers L.

3.1 Experiment 1 setup

The data is an explicit interaction stream. Each trajectory is a time-ordered sequence of slots.
At each step, the world first writes an observation slot showing two lotteries, and then either the
teacher or the learner writes an action slot choosing one of those lotteries:

7k = ((0k,0,ak0), (061, A1) - - - (OkT—1, A T—1))-

Here the observation slot is not a terminal outcome. It is a world-written description of the choice
problem:
Okt = (Li,ts Rit)-



The terminal outcomes remain
X = {xo,z1, 22,3, T4, T5}.

Hidden utilities. The teacher has a hidden vINM utility, used by the simulator but never given
to the learner:
uw* = (0.00,0.25,0.75,1.00, 0.50, 0.00).

The learner’s early own-action policy is generated from a different utility-like vector,
et = (1.00,0.70,0.45,0.25,0.10, 0.00).

This vector is deliberately biased toward outcomes that the teacher does not value highly.

Lottery sampling. At every step, the world samples two lotteries over X
Lit, Ry ~ Dirichlet(0.61).

The vector L gives the probabilities of xg, ..., 75, and similarly for R; ;. The action slot then
records a binary choice

Ykt = 1 if the writer chooses Ly 4, Ykt = 0 if the writer chooses 7y ;.

Teacher and agent action slots. With probability pieacher = 0.40, the action slot is written
by the teacher (we ablate this parameter later). It has provenance gate 7 = 0 and is evidence.
The teacher chooses the better lottery under u*, except that with probability pwrong = 0.05 the
teacher deliberately chooses the lower-utility lottery. Thus teacher mistakes are noisy evidence, not
interventions.

With probability 1 — pieacher = 0.60, the action slot is written by the learner’s early policy. It
has 7 =1 and is an intervention. These choices are sampled according to a Bradley—Terry/logistic

rule centered on 5!

Py =1L, R,u") = o (14(L - R)Tw"), o) =

3.2 Generated trajectory data

The accompanying notebook run generates 30 trajectories of length 24. Each step has one observation
slot and one action slot, so the full interaction stream contains 30 x 24 x 2 = 1440 slots. The realized
action split for Experiment 1 is 298 teacher action slots and 422 learner action slots.
The notebook then extracts the action slots. For each action slot it records the writer, the gate
, the chosen side, whether the slot should be learned from, and the hidden-utility advantage of the
chosen lottery:
A} ; = u”(chosen lottery) — u*(unchosen lottery).

Here u*(L) abbreviates the expected utility LTu*. Positive A* means that the action chose the
better lottery under the teacher’s hidden reward; negative A* means it chose the worse lottery.

Figure 1 shows the rendered trajectory view from the notebook. Each step contains one
observation slot, in which the world reveals two lotteries, followed by one action slot, which is either
teacher-written or agent-written. Blue teacher panels are evidence with 4 = 0; orange agent panels
are interventions with v = 1 and are therefore masked out by the interventional learner. The figure
makes the causal distinction visually explicit: the two kinds of action slot live in the same history,
but they play different epistemic roles.



step 0 [ history slots 0-1

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.18,0.34, 0.05, 0.00, 0.38, 0.05]

AGENT ACTION - GAMMA=1

chooses L

R [0.08, 0.24, 0.33, 0,03, 0.00, 0.25]

diagnostic only: E[u*|L}=0.310, E[u*|R}=0.388

step 1/ history slots 2-3

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.16, 0.03, 0.03, 0.00, 0.02, 0.76]
(= =

R [0.29, 0.18, 0.08, 0.34, 0.10, 0.01]

diagnostic only: E[u*|L]=0.041, E[u*|R}=0.482

step 2 | history slots 4-5

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.37, 0.44, 0.03, 0.07, 0.02, 0.06]

R[0.02, 0.09, 0.21, 0.30, 0.01, 0.36]

diagnostic only: E[u*|L}=0.219, E[u*|R}=0.489

step 3 | history slots 6-7

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.15, 0.05, 0.44, 0.11, 0.24, 0.01]

R[0.20,0.12, 0.06, 0.22,0.12, 0.29]

diagnostic only: E[u*|L}=0.570, E[u*|R}=0.349

step 4 | history slots 8-9

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.47,0.21,0.14, 0.03, 0.07, 0.07]

intervention
chesen - unchosen hidden utility: -0.078
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses R

used as evidence
chesen - unchosen hidden utility: 0.451
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses R

used as evidence
chosen - unchosen hidden utility: 0.270
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses L

used as evidence
chosen - unchosen hidden utility: 0.221
teacher mistake: no

AGENT ACTION - GAMMA=1
chooses L

R [0.12, 0.03, 0.08, 0.10, 0.54, 0.13]

diagnostic only: E[u*|L]=0.227, E[u*|R]=0.434

step 5 [ history slots 10-11

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.03,0.32, 0.12, 0.08, 0.42, 0.02]

R [0.00, 0.59, 0.01, 0.08, 0.17, 0.15]

diagnostic only: E[u*|L]=0.467, E[u*|R}=0.320

step 6 [ history slots 12-13

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.08,0.41,0.01, 0.38, 0.12, 0.00]

R [0.00, 0.28, 0.03, 0.23, 0.37, 0.04]

diagnostic only: E[u*|L]=0.551, E[u*|R}=0.546

step 7 | history slots 14-15

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.63, 0.00, 0.03, 0.10, 0.03, 0.21]

R[0.32,0.02, 0.19, 0.01, 0.19, 0.27]

diagnostic only: E[u*|L}=0.139, E[u*|R}=0.249

step 8 | history slots 16-17

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.00, 0.02, 0.73, 0.03, 0.16, 0.05]

R [0.16, 0.04, 0.38, 0.40, 001, 0.01]

diagnostic only: E[u*|L]=0.665, E[u*|R}=0.699

step 9 / history slots 18-19

OBSERVATION - WORLD SHOWS TWO LOTTERIES
L[0.22,0.01,0.28, 0.13, 0.14, 0.21]

intervention
chosen - unchosen hidden utility: -0.207
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses L

used as evidence
chosen - unchosen hidden utility: 0.147
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses L

used as evidence
chesen - unchasen hidden utility: 0.005
teacher mistake: no

AGENT ACTION - GAMMA=1

chooses L

masked intervention
chosen - unchosen hidden utility: -0.110
teacher mistake: no

TEACHER ACTION - GAMMA=0

chooses R

used as evidence
chosen - unchosen hidden utility: 0.033
teacher mistake: no

TEACHER ACTION - GAMMA=0
chooses L
used as evidence

Figure 1: A rendered prefix of one simulated interaction trajectory from the notebook. World
observation slots display the pair of lotteries shown at each step. Teacher action slots are world-
written evidence used for learning; agent action slots are self-written interventions and are masked
out by the interventional learner. The diagnostic line in each observation slot reports the hidden
expected utility of the left and right lotteries under »*, which is shown only for analysis and never
provided to the learner.



Quantity Value

Trajectories 30
Steps per trajectory 24
Total slots 1440
Observation slots 720
Teacher action slots 298
Agent action slots 422
Configured teacher wrong-choice probability  0.050000
Realized teacher wrong-choice rate 0.060403

Table 1: Trajectory summary for Experiment 1. The randomness in the teacher/agent writer choice
means that 298 of the 720 action slots are teacher-written evidence and 422 are learner-written
interventions.

3.3 The observational and interventional learners

Both learners fit the same scalar expected-utility preference model. Given a pair of lotteries (L, R),
the model predicts

PMyzuLJa:aQL—mﬂQ,

where w € RS is a learned utility-weight vector. The additive constant of w is not identifiable, since
(L — R)T1 =0, so the notebook recenters w after each gradient update.
For a set of action slots D, the fitted objective is

1073
J(w; D) Z{ugloga w) + (1 = ;) log (1 = o(X] w))| + =[],
jGD
X;=L;—R;.

The main fit uses learning rate 0.25 and 2500 gradient steps.

Interventional learner. The interventional learner uses only the teacher action slots:
DY = {(L;, R;,y;) : learn_from_slot = True}.

In the main run, |D°| = 298. These are exactly the action slots with 4 = 0 that carry world-written
preference evidence.

Observational learner. The observational learner uses all action slots:
Dobs — {(Lj, Rj,y;) : slot_type € {teacher_action,agent_action}}.

In the main run, |D°"| = 720. This learner has more data, but 422 of its rows are the learner’s own
interventions generated by the biased early policy.

Why this is a trajectory-level test

A pure comparison dataset can hide the fact that preference evidence and learner actions
are interleaved in one history. This notebook puts both kinds of events inside the same
interaction stream. The learner has to respect provenance at the slot level: teacher action
slots are evidence, while agent action slots are interventions. This is the preference-learning




analogue of the intervention/evidence distinction in interactive imitation.

4 Results

4.1 Utility recovery from one interaction history

Since vNM utility is unique only up to positive affine transformation, the notebook evaluates a
learned vector @ by fitting the least-squares affine alignment

’lj($l) =aw; +b

to the hidden teacher utility u*. A positive slope a > 0 is preference-preserving; a high correlation
and low aligned MSE indicate that the recovered utility has the same vNM content as u*.

Learner Training action slots  Correlation with «*  Affine slope  Aligned MSE
Interventional: teacher actions only 298 0.988000 0.116886 0.003313
Observational: all actions 720 0.366445 0.092898 0.120239

Table 2: Main utility-recovery result. The interventional learner uses fewer rows, but those rows
are the right rows: world-written teacher actions. The observational learner uses more rows but
corrupts the inferred purpose by treating agent interventions as evidence.

Figure 2 visualizes the main fitting result. The left panel shows that the interventional training
loss continues to decrease as the learner extracts a coherent signal from the teacher-written preference
actions, whereas the observational loss quickly plateaus at a much worse value because the dataset
mixes teacher evidence with the agent’s own biased interventions. The right panel compares the
recovered utility vectors after affine alignment. The interventional curve almost coincides with the
hidden teacher utility, while the observational curve is flattened and misordered.

Utility fitting loss Recovered utility from trajectory actions
0707 o —e— interventional 104
observational
0.65 - 2
S 0.8+
E
5
@ 0.60 - = 06 4
o o O
= =
£ 0554 £
= 3 0.4
= £
o
0.50 - =
5 0.2 —e— hidden teacher utility
0.45 4 —&— interventional recovered
* - - ° * ° 0.0 observational recovered
T T T T T T T T T T T T
4] 500 1000 1500 2000 2500 o0 ol o2 03 o4 [+51
Gradient step Outcome

Figure 2: Main result of Experiment 1. Left: training loss as a function of gradient steps for the
interventional and observational learners. Right: hidden teacher utility together with the recovered
utility vectors after affine alignment. The interventional learner recovers the correct preference
ordering and spacing much more faithfully.

The interventional learner places high utility on zs and x3, low utility on 2 and x5, and an
intermediate value on x4, matching the teacher. The observational learner is much flatter and
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substantially misordered because it tries to explain both the teacher’s choices and the biased agent’s
choices with one utility vector.

4.2 Learning over time from trajectory prefixes

The notebook next replays the history from left to right. For a checkpoint slot s, let D<, be the
action slots observed up to that point. The interventional learner fits only the teacher-written subset
of D<g; the observational learner fits every action slot in D<,. At each checkpoint, the recovered
utility is also evaluated in fresh action environments.
A fresh action environment contains four possible actions. Each action induces a lottery over
terminal outcomes:
P(x | h,do(a)), a€{l1,2,3,4}.

Given policy utility w, the agent chooses

au'(h’) € arg mgXQw(hw CL), Q!l'(h” CL) = Z P(T | h, (CL))'Z('(.’]?).

reX

The choice is scored under the hidden reward r*(z) = u*(z). The regret is
Regret(h) = Hl(éllXZ]P)((L' | b, do(a))u*(x) — Z]P’(L | iy do(ay, (R)))u” ().

The notebook uses 1200 sampled states, four action lotteries per state, and a Dirichlet concentration
of 0.7 for these evaluations.

4.3 Experiment 2: Teacher mistakes

We vary the teacher wrong-choice probability. This is important conceptually. A teacher mistake is
a bad label, but it is still world-written evidence. A learner action is not evidence at all; it is an
intervention. The experiment therefore predicts that teacher noise should degrade the interventional
learner gradually, while the observational learner remains additionally burdened by self-action
contamination.

For this sweep, each run uses 24 trajectories of length 24, teacher action probability pieacher = 0.60,
and five random repeats per teacher-noise level. Figure 3 depicts the results. The left panel shows
utility recovery degrading smoothly as teacher noise increases, but the interventional learner stays
well above the observational learner throughout the sweep. The middle panel shows the resulting
reward-optimal action rate, and the right panel shows hidden-reward regret. The lesson is subtle
but important: noisy teacher evidence is still evidence, whereas the learner’s own actions are not
evidence at all.

At the notebook’s default mistake level of 0.05, the sweep gives the interventional learner
mean correlation 0.993355, mean optimal action rate 0.933667, and mean regret 0.001200. The
observational learner at the same noise level has mean correlation 0.795759, mean optimal action rate
0.709167, and mean regret 0.027085. Even when the teacher is perfectly reliable, the observational
learner is worse because it still mixes teacher evidence with biased self-interventions.

4.4 Experiment 3: How much teacher evidence is needed?

The final experimental sweep varies pieacher, the probability that an action slot is written by the
teacher rather than the agent. This directly tests the amount of world-written preference evidence
available to the interventional learner. At pieacher = 0, there are no teacher action slots; the
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Figure 3: Teacher-noise sweep from the notebook. Left: utility recovery as a function of teacher
wrong-choice probability. Middle: rate of choosing the hidden-reward-optimal action in fresh
environments. Right: mean hidden-reward regret. Even with substantial teacher noise, the
interventional learner remains dramatically better than the observational learner.
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Figure 4: Teacher-action-frequency sweep from the notebook. Left: utility recovery as the teacher-
action probability pieacher increases. Middle: reward-optimal action rate in fresh environments.
Right: the regret gap between the observational and interventional learners. The interventional
learner needs some teacher evidence, but it remains strong even when teacher slots are a minority
of the history.

interventional learner has no preference evidence and its entries are intentionally undefined. At
Preacher = 1, all action slots are teacher evidence; the interventional and observational learners
become identical because there are no self-interventions to contaminate the dataset.

The sweep uses 24 trajectories of length 24, teacher wrong-choice probability 0.05, and five
repeats per value of pieacher-

Figure 4 presents the results graphically. The left panel shows that the interventional learner
recovers the hidden utility almost as soon as even a modest amount of teacher evidence is available.
The middle panel translates this into reward-optimal action choice. The right panel shows the
performance gap, measured as observational regret minus interventional regret. The gap closes only
when almost all action slots are teacher-written, because only then does the observational learner
stop being contaminated by self-generated interventions.

The qualitative pattern is the central result of the experiment. With only about 56.6 teacher
action slots on average, the interventional learner already reaches correlation 0.981 and optimal
action rate 0.888. The observational learner at the same point has correlation —0.184, optimal action
rate 0.127, and mean regret 0.229413. AS pieacher inCreases, the observational learner gradually
recovers because the fraction of contaminated self-action rows decreases. When pieacher = 1, the
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two learners coincide. This result is remarkable for the interventional agent in terms of sample
complexity.

5 Discussion

Did the interactional agent recover the vINM result? Yes, in the controlled sense tested by the
trajectory notebook. The vINM theorem itself is not an empirical result: if a preference relation over
lotteries satisfies the axioms, then an expected-utility representation exists. What the notebook tests
is whether a learner embedded in an interaction history can recover the teacher’s expected-utility
representation from preference-revealing world-written actions while ignoring its own interventions
as evidence.

The interventional learner does recover that representation. In the main full-history fit, it obtains
correlation 0.988000 with »* and aligned MSE 0.003313 using only 298 teacher action slots. In the
prefix replay, at the final history slot, it obtains correlation 0.988501, reward-optimal action rate
0.903333, and mean regret 0.002073. In the teacher-frequency sweep at preacher = 0.4, close to the
main setting, it obtains mean correlation 0.992664, mean optimal action rate 0.935167, and mean
regret 0.001307.

The observational learner is the negative control. It also fits a scalar expected-utility model, but
it fits the wrong one. In the main full-history fit, its correlation with v* is only 0.366445 and its
aligned MSE is 0.120239. At the final prefix checkpoint, its optimal action rate is 0.363333 and its
mean hidden-reward regret is 0.137797. In the teacher-frequency sweep at pieacher = 0.4, its mean
optimal action rate is only 0.329667 and its mean regret is 0.141122.

Does this show that interactive imitation is enough for reward maximization? It shows a
conditional sufficiency result in a clean trajectory-level interactional setting. The condition is
not merely “imitate everything in the transcript.” The condition is: imitate from an interaction
stream while preserving the causal distinction between world-written evidence and agent-written
interventions. When the environment supplies enough vNM-consistent teacher preference evidence,
and when the learner masks its own action slots from the preference-learning objective, the recovered
utility is good enough that maximizing its expectation is almost the same as maximizing the hidden
teacher reward in new action environments.

The teacher-frequency sweep clarifies the limits. With pieacher = 0, the interventional learner
has no teacher preference evidence and cannot infer the teacher’s purpose. With pieacher = 1, there
are no agent interventions, so observational and interventional learning coincide. The interesting
region is the mixed case, where the same history contains both teacher evidence and self-generated
actions. There the intervention mask is decisive.

The result should therefore be stated carefully:

Interactive imitation can be enough for reward-maximizing behavior in this controlled
uvNM environment, provided that the interaction stream contains sufficient world-written
preference evidence and the learner does not treat its own interventions as evidence.

It does not show that arbitrary behavioral cloning yields reward maximization. It does not show
that all human preferences satisfy vINM axioms. It also does not show that every utility over whole
trajectories decomposes into a Markovian per-step reward. But it does show the conceptual bridge
needed by the interactional account: reward maximization can emerge as a representation of learned
preferences, rather than being inserted as a primitive scalar training signal.
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